Gravitaional collapse of an inhomogeneous dust cloud described by a higher dimensional Tolman type spacetime is studied. The necessary conditions for the formation of a naked singularity or a black hole is obtained.
Introduction
The cosmic censorship hypothesis (CCH) [1] is an important source of inspiration for research in general relativity. It states that the singularities produced by gravitational collapse must be hidden behind an event horizon. Morever, according to the strong version of the CCH, such singularities are not even locally naked, i.e., no non-spacelike curve can emerge from such singularities. Since the conjecture has not yet been proven, a significant amount of attention has been given to studying examples of gravitational collapse which lead to naked singularities with matter content that satisfies the energy conditions (see [2] for recent reviews). In particular, the collapse of spherical matter in the form of dust forms naked shell focussing singularities violating the CCH [3] - [12] .
Another type of singularity arising in dust collapse is a shell crossing singularity which can also be naked [13] . But, it is believed that this singularity is harmless as far as the CCH is concerned [6] . The strength of the singularity is an important issue. There have been attempts to relate it to the stability problem [12] . It is widely beleived that spacetime cannot admit an extension through a singularity if it is a strong curvature singularity in Tipler's sense [14] .
An interesting problem that arises is the effect that higher dimensions can have on the formation of naked singularities. The idea that spacetime should be extended from four to higher dimensions was introduced by Kaluza and Klein [15] to unify gravity and electromagnetism. Many papers on higher dimensional solutions [16] have appeared lately because of their implications in astrophysics, cosmology, string theory and particle physics. Five-dimensional (5D) spacetime is particularly more relevent because both 10D and 11D supergravity theories yield solutions where a 5D spacetime results after dimensional reduction [17] . In this letter, we analyse the collapse of dust in 5D spacetime and extend the results of Sil and Chatterjee [18] beyond the self-similar case.
We find that gravitational collapse of 5D non self-similar spacetime gives rise to a naked strong-curvature shell-focussing singularity or a black hole depending upon certain conditions. We follow the sign conventions as in Joshi [2] .
Higher Dimensional Tolman-type Solution
After reviewing the 5D Tolman type spacetime in this section, for simplicity we shall confine ourselves to the marginally bound case (f=0). The solution for the higher dimensional spherically symmetric dust collapse is obtained in [18, 19] which reduces to the well known Tolman-Bondi solution when the spactime becomes four. The metric for the five dimensional case reads, in (t, r, θ 1 , θ 2 , θ 3 ) coordinates,:
where r is the comoving radial coordinate, t is the proper time of freely falling shells, R is a function of t and r with R > 0 and a prime denotes a partial derivative with respect to r. The energy momentum tensor is of the form:
where u a is the five velocity. The function R(r, t) is the solution oḟ
where an overdot denotes the partial derivative with respect to t. The functions F (r) and f (r) are arbitrary, and result from the integration of the field equations. They are referred to as the mass and energy functions, respectively. Since in the present discussion we are concerned with gravitational collapse, we require thatṘ(t, r) < 0.
The energy density ǫ(t, r) is given by
We have used units which fix the speed of light and the gravitational constant via 8πG = c 4 = 1. For physical reasons, one assumes that the energy density ǫ is everywhere nonnegative (≥ 0). Eq. (3) can easily be integrated to
where G(x) is the function given by
and where t c (r) is a function of integration which represents the time taken by the shell with coordinate r to collapse to the centre. This is unlike the 4D case, where the functional form of G is rather complicated [6, 9] . As it is possible to make an arbitrary relabelling of spherical dust shells by r → g(r), without loss of generality, we fix the labelling by requiring that on the initial surface t = 0, r coincides with the radius
This corresponds to the following choice of t c (r)
We denote by ρ(r) the initial density:
The easiest way to detect a singularity in a spacetime is to observe a divergence of some invariant of the Riemann tensor. Next we calculate one such quantity, the Kretschmann scalar (K = R abcd R abcd , R abcd the Riemann tensor). For the metric (1), it reduces to
The Kretschmann scalar and energy density both diverge at t = t c (r) indicating the presence of a scalar polynomial curvature singularity [20] . Thus the time coordinate and radial coordinate are respectively in the ranges −∞ < t < t c (r) and 0 ≤ r < ∞. It has been shown [6] that shell crossing singularities (characterised by R ′ = 0 and R > 0)
are gravitationally weak and hence such singularities cannot be considered seriously.
Christodoulou [4] pointed out in the 4D case that the non-central singularities are not naked. Hence, we shall confine our discussion to the central shell focussing singularity.
Existence and Strength of Naked Singularity
To study the singularity we make use of the method developed in [9, 11] , with the necessary modifications required for our higher dimensional case. Eq. (5), by virtue of eq. (7), leads to
and the energy density becomes
We are free to specify F (r) and we consider a class of models which are non self-similar in general, and as a special case, the self-similar models can be constructed from them.
In particular, we suppose that F (r) = r 2 λ(r) and λ(0) = λ 0 > 0 (finite). With this choice of F (r), the density behaves as inversly proportional to the square of the time at the centre, and F (r) ∝ r 2 in the neighbourhood of r = 0. For spacetime to be selfsimilar, we require that λ(r) = const. This class of models for 4D spacetime is discussed in refs [9, 11] .
We wish to investigate if the singularity, when the central shell with comoving coordinate (r = 0) collapses to the centre at time t = 0, is naked. The singularity is naked iff there exists a null geodesic which emanates from the singularity. The radial null geodesics of metric (1) must satisfy [4] 
which, upon using eq. (3), turns out to be
Clearly this differential equation becomes singular at (t, r) = (0, 0). We now wish to put eq. (14) in a form that will be more useful for subsequent calculations. To this end, we define two new functions η = rF ′ /F and P = R/r. From eq. (11) for f = 0, we havė R = − √ F /R, and we can express F in terms of r by F (r) = r 2 λ(r). Eq. (14) can thus be re-written as
It can be seen that the functions η(r) and P (r, t) are well defined when the singularity is approached.
The nature (a naked singularity or a black hole) of the singularity can be characterisd by the existence of radial null geodesics emerging from the singularity. The singularity is at least locally naked if there exist such geodesics, and if no such geodesics exist, it is not naked. Let us define X = t/r. If the singularity is naked, then there exists a real and postive value of X 0 as a solution to the algebraic equation [2] X 0 = lim t→0 r→0
We insert eq. (15) into (16) and use the result lim r→0 η = 2; to get
where Q(X) = P (X, 0). From the definitions of P and X, and eq. (11), we can derive the following equation
from which it is clear that X √ λ < 1/2, as P is positive. Since Q(X) = P (X, 0), from eq. where
We are interested in positive roots of eq. (19) subject to the constraint that z < 1/2 in which case outgoing null geodesics terminate at the singularity in the past. It is verified numerically that that for λ 0 < 0.5481 (correct to four decimal places) eq. (19) has two positive real roots which satisfy the constraint that z = X 0 √ λ 0 < 1/2. For example if λ 0 = 0.25 then eq. (19) has two roots z = 0.1348 and 0.4188 (which correspond to two values X 0 = 0.2696 and 0.8376). Thus, it follows that the singularity will be at least locally naked when λ 0 < 0.5481. On the other hand, if the inequality is reversed, i.e., λ 0 > 0.5481, no naked singularity occurs and gravitational collapse of the dust cloud must result in a black hole. In the analogous 4D case, one gets a quartic equation and the shell focusing singularity is naked iff λ 0 < 0.1809 [11] .
Self-Similar Case
To support our analysis, we now discuss in some detail the case of self-similar spacetime which has been analysed earlier [18] . As already mentioned, for the spacetime to be self-similar, we require that F (r) = λr 2 (λ = const.) so that
and R ′ can be expressed, in terms of the quantity X = t/r, as
Eq. (16) with this results in
where y = X √ λ. Eq. (22) has postive roots, subject to constraint that y < 1/2, if λ < .0901. (The two roots y = 0.2349 and 0.4679 of Eq. (22) correspond to the λ = 0.05). Thus referring to our above discussion, self-similar collapse lead to a naked singularity for λ < .0901, and to formation of a black hole otherwise.
It is well known that formation of naked singularity can be understood in terms of the inhomogeneity of the collapse. If collapse is homogeneous, no naked singularity occurs. On the other hand, a naked singularity occurs if the collapse is sufficiently inhomogeneous, i.e., outer shell collapses much later than the central shells [5] . The parameter B which gives a measure of the inhomogeneity of the collapse is usually defined as t c (r) = Br. In our case , on comparing this with eq. (8) (with f = 0),
So for the singularity to be naked, we demand that B 2 > 2.7747. This is in agreement with earlier work [18] .
Strength of Naked Singularity
From the physical point of view a singularity would be termed strong if an infinitesimal test body is crushed to zero volume as it approaches the singularity. Clarke and Królak [21] have shown that a sufficient condition for a strong singularity (as defined by Tipler [14] ) is: For at least one non-space like geodesic with an affine parameter s, with s = s 0 at the singularity, the following should be satisfied in the limiting approach to the singularity:
where R ab is the Ricci tensor. Our purpose here is to investigate the above condition along future directed non-space like geodesics coming out from the singularity. Let us consider timelike causal curves in the 5D Tolman like spacetime. Let K a = dx a /ds (s being the proper time along the the trajectory) be tangent to a timelike geodesic, satisfying U a U a = −1. We can express radial timelike geodesics as
Because of the nonlinearity, it is difficult to find solutions to above differential equations.
However there is an exact solution of the above described by
This is an ingoing radial timelike geodesic which, in the (t, r) plane, is described by r = 0, terminating at the central singularity at the coordinate time t = t s . The tangent to this timelike geodesic is given by the above equation, where s is the proper time. The equation of the trajectory is t s − t = s 0 − s, r = 0,
where s 0 is the proper time when the particle crushes into the central singularity at r = 0 at the coordinate time t s . The energy density throughout the spacetime is given by eq.
(12). Using Eqs. (12), (26) and (27), we get
Since ψ diverges as the inverse square of the proper time, it follows that the timelike geodesic terminates in a strong curvature singularity.
Conclusion
We have shown the occurrence of naked strong-curvature shell-focussing singularities in the spherical dust collapse described by a general class of 5D Tolman-type models.
The formation of these naked singularities violates the strong CCH. We do not claim any particular physical significance of the 5D metric considered. Neverthless we think that the results obtained here have some interest in the sense that they do offer the opportunity to explore properties associated with naked singularities.
